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Abstract
We study the leading contribution to the scalar and the pseu-
doscalar two-point function in the large N expansion of QCD using
the worldline techniques. We find that in this limit there exists a re-
lationship between these two Green’s functions which implies that for
every massive pseudoscalar meson there exists a scalar meson of iden-
tical mass. This is true even when chiral symmetry is spontaneously
broken. The relationship between the Green’s function further suggests
that in the planar limit the sigma mass must be identical to the eta
mass. We also discuss the relevance of these results for the quenched
lattice QCD simulations and for hadron phenomenology.
∗Associate, Abdus Salam International Centre for Theoretical Physics, Trieste, Italy.
1 Introduction
It is an abiding hope that a SU(N) gauge theory is exactly solvable in the
limit in which N goes to infinity, perhaps through some dual string descrip-
tion [1, 2, 3], and that this planar limit provides an appropriate starting
point for an approximate solution of QCD in inverse powers of N . Although
this hope has still not been realised, the analysis of the planar limit does
show that it captures many of the gross features of meson phenomenol-
ogy. An important result that further strengthens our belief in the large
N description of QCD is the theorem by Coleman and Witten [4], which
states that, under certain reasonable assumptions, chiral symmetry must be
spontaneously broken in the planar limit.
Thus, we expect that the pion must be massless in the planar limit of
chiral QCD. Can we say some thing as well about its scalar partner, the
sigma, in this limit? The main aim of this paper is to try and answer this
question by combining the worldline techniques [5] with the known analytic
structure of the meson two-point functions in the planar limit. In the planar
limit, heuristically speaking, the quark degrees of freedom can be treated
using relativistic quantum mechanics and therefore the motion of the quarks
constituting a meson can be described by a path integral. As we will see, it
is for this reason that the worldline techniques turn out to be convenient in
exploring the planar limit.
The outline of the paper is as follows. In the next section we will use
the known worldline representation of the one-loop fermionic effective action
[6, 7] to develop vertex functions for the scalar and the pseudoscalar mesons.
Using these vertex functions we obtain, in section 3, a relationship between
the scalar and the pseudoscalar two-point function. This relationship implies
that for every massive pseudoscalar meson there exists, in the planer limit,
a scalar meson with identical mass. Under plausible assumptions, the same
relationship implies that the sigma mass must be identical to the mass of the
second lightest pseudoscalar meson, namely the eta. In the last section of
the paper we discuss the relevance of our results to the quenched simulation
of lattice QCD and to hadron phenomenology.
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2 Pion and Sigma Vertex Functions in the Planar
Limit
Consider the partition function of a SU(N) gauge theory in Euclidean space
with one flavour of quark1 whose mass is m
Z[J ] =
∫
A,Ψ
exp{−S[A]} exp
{∫
x
Ψ¯(−i6∂ − 6A− im− iJσ − γ5Jpi)Ψ
}
, (1)
where A is the gauge field, S[A] is the Yang-Mill action for the gauge field,
while Ψ is the quark field and Jσ and Jpi acts as the sources for the scalar and
the pseudoscalar mesons. A convenient order parameter for chiral symmetry
is
< 0|Ψ¯(y)Ψ(y)|0 >=
(
i
δ
δJσ(y)
lnZ[Jσ, Jpi]
)
J=0
, (2)
and we would like to obtain a worldline representation for it. To do so we
first write the partition function in terms of the fermionic determinant,
Z[J ] =
∫
A
exp{−S[A]} exp{−Γ[J,A]} (3)
and note that the fermionic effective action
− Γ[J,A] = ln det(−i6∂ − 6A− im− iJσ − γ5Jpi) (4)
has a worldline representation[6, 7] given by
Γ[J,A] =
∫
∞
0
dT
T
exp{−m2
T
2
}
∫
x,ψa
exp{−(S0 + S[J ])}W[A]. (5)
The worldline actions S0 and S[J ] are given by
S0 =
∫ T
0
dτ{
x˙2
2
+
1
2
ψµψ˙µ +
1
2
ψ5ψ˙5 +
1
2
ψ6ψ˙6}, (6)
S[J ] =
∫ T
0
dτ{
1
2
J2pi + iψµψ5∂µJpi +mJσ +
1
2
J2σ + iψµψ6∂µJσ}, (7)
while the Wilson loop for a spin-half particle is defined as
W[x, ψµ;A] = TrcPˆ exp
{
i
∫
T
0
dτ{x˙µAµ −
1
2
ψµFµνψν
}
. (8)
1We consider only one flavour, as the flavour degrees of freedom do not play any
dynamical role in the planar limit.
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In the path integral (5), a path of a quark is specified by four bosonic
coordinates xµ(τ) and by six fermionic, or the anti-commuting, coordinates
ψa(τ) (please see Ref. [7] for details.) In terms of Γ[J,A] the order parameter
< Ψ¯Ψ > can be written as
< 0|Ψ¯(y)Ψ(y)|0 > =
1
Z[0]
∫
A
exp{−S[A]}
× exp{−Γ[A]}
(
−i
δ
δJσ(y)
Γ[J,A]
)
J=0
. (9)
If we restrict ourselves to the leading term in the large N expansion then
we can write this as
< 0|Ψ¯(y)Ψ(y)|0 > =
1
ZYM
∫
A
exp{−S[A]}
(
−i
δ
δJσ(y)
Γ[J,A]
)
J=0
(10)
ZYM =
∫
A
exp{−S[A]}. (11)
It is worth noting that this would also be the expression for the order pa-
rameter in the quenched approximation of lattice QCD. By substituting (5)
in the above expression we readily obtain the worldline representation for
the order parameter
< 0|Ψ¯(y)Ψ(y)|0 >=
∫
∞
0
dT
T
exp{m2
T
2
}
∫
x,ψa
exp{−S0} <W[A] >A Vσ(y),
(12)
where the expectation value <W >A is given by
<W[A] >A=
1
ZYM
∫
A
exp{−S[A]}W[A]. (13)
and we have defined the scalar vertex function Vσ(y) as
Vσ(y) =
(
i
δ
δJσ(y)
S[J ]
)
J=0
. (14)
The explicit form of the vertex function can be obtained by using (7) and is
Vσ(y) = i
∫ T
0
dτ {mδ(x(τ) − y) + iψµ(τ)ψ6(τ)∂µδ(x(τ) − y)} . (15)
It will be convenient to write the above vertex function as
Vσ(y) = mV0(y) + Vs(y), (16)
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where
V0(y) = i
∫ T
0
dτδ(x(τ) − y), (17)
Vs(y) = −
∫ T
0
dτψµ(τ)ψ6(τ)∂µδ(x(τ) − y). (18)
Following a similar set of arguments one can write a worldline representation
for the scalar two-point function, defined as
∆s(y1 − y2) =< 0|Ψ¯(y2)Ψ(y2)Ψ¯(y1)Ψ(y1)|0 >, (19)
in terms of the scalar vertex function2
∆s(y1 − y2) =< Vσ(y1)Vσ(y2) >wl, (20)
where the worldline average of any worldline functional, say F , is given by
< F >wl=
∫
∞
0
dT
T
exp
{
−
m2
2
T
}∫
x,ψ
exp{−S0} <W[A] >A F. (21)
Let us next consider the pseudoscalar two-point function,
∆ps(y1 − y2) = < 0|Ψ¯(y1)γ5Ψ(y1)Ψ¯(y2)γ5Ψ(y2)|0 > . (22)
It too has a worldline representation in terms of the pseudoscalar vertex
function, defined as
Vpi =
(
i
δ
δJpi(y)
S[J ]
)
J=0
, (23)
Vpi = −
∫ T
0
dτψµψ5∂µδ(x(τ) − y), (24)
and is given by
∆ps(y1 − y2) =< Vpi(y1)Vpi(y2) >wl . (25)
For studying the chiral limit it will be convenient to write the above vertex
functions in momentum space. The sigma vertex function in the momentum
space is
Vσ(k) = mV0(k) + Vs(k) (26)
2In writing the two-point function in terms of Vσ(y) we are neglecting a contact term
as it will not play any role in our discussion.
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where,
V0(k) = i
∫ T
0
dτ exp{ik.x(τ)}, (27)
Vs(k) = −i
∫ T
0
dτk.ψ(τ)ψ6(τ) exp{ik.x(τ)}. (28)
Similarly the momentum space pion vertex function is
Vpi(k) = −i
∫ T
0
dτk.ψ(τ)ψ5(τ) exp{ik.x(τ)}. (29)
Coming back to the worldline representation of the order parameter for
chiral symmetry, using the vertex functions described above,
< 0|Ψ¯Ψ(y)|0 > = m < V0(y) >wl + < Vs >wl, (30)
= m < i
∫ T
0
dτδ(x(τ) − y) >wl
+ < −
∫ T
0
dτψµ(τ)ψ6(τ)∂µδ(x(τ) − y) >wl . (31)
The second term in the above equation vanishes as the integrand is odd in
the Grassmann variable ψ6 and the order parameter can be written as
< 0|Ψ¯Ψ(y)|0 >= m < i
∫ T
0
dτδ(x(τ) − y) >wl . (32)
Separating the zero mode of a path, defined as,
x(τ) = x0 + x¯(τ) (33)
x0 =
1
T
∫ T
0
dτx(τ), (34)
finally gives the worldline representation for the order parameter as
< 0|Ψ¯Ψ(y)|0 >= im
∫
∞
0
dT exp{−
1
2
m2T}
∫
x¯,ψ
exp{−S0} <W >A (35)
which is identical to that obtained by Banks and Casher[8], except the trace
over gamma matrices has been replaced by the path integral over the Grass-
mann variables ψ(τ). As pointed out in [8] the spontaneous breaking of
chiral symmetry requires that in the limit the current quark mass m goes
to zero ∫
x¯,ψ
exp{−S0} <W >A∼
1
T 1/2
. (36)
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3 Sigma Mass in the Large N limit
In the planar limit of the large N expansion the analytic structure of a
two-point function is greatly simplified [3]. Thus the scalar two-point func-
tion (19) is an infinite sum of terms made up of simple poles
∆s(k) =
∞∑
n=1
Gn
k2 +M2s,n
. (37)
Similarly the pseudoscalar two-point function (22) in the planar limit is
∆ps(k) =
Fpi
k2 +m2pi
+
∞∑
n=1
Fn
k2 +M2ps,n
, (38)
where we have separated the pion pole from the infinite sum, anticipating
its role as the Nambu-Goldstone boson in chiral limit.
Let us now consider the worldline representation of these two Green’s
functions. For the scalar two-point function we have, using (20) and (26)
∆s(k) = m
2 < V0(k)V0(−k) >wl + < Vs(k)Vs(−k) >wl . (39)
In writing the above expression we have neglected the cross term, < V0Vs >,
as it vanishes being odd in the Grassmann variable ψ6. Similarly, the world-
line representation of the pseudoscalar two-point function is
∆ps(k) =< Vpi(k)Vpi(−k) >wl . (40)
Next we notice that
< Vpi(k)Vpi(−k) >wl=< Vs(k)Vs(−k) >wl, (41)
as the right hand side can be obtained from the left hand side by merely
relabelling the Grassmann variable ψ6 as ψ5 and ψ5 as ψ6. Using this result
in Eq. (39) leads to the following relationship between the scalar and the
pseudoscalar two-point functions
∆s(k) = m
2 < V0(k)V0(−k) >wl +∆ps(k). (42)
If we add to this our knowledge of the analytic structure of the pseudoscalar
two-point function (38) then we obtain
∆s(k) = m
2 < V0(k)V0(−k) >wl +
Fpi
k2 +m2pi
+
∞∑
n=1
Fn
k2 +M2ps,n
. (43)
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Now consider the above relationship in chiral limit, namely in the limit m
going to zero. In chiral limit of the planar QCD we expect that the lightest
pseudoscalar meson, the pion, should become massless being the Nambu-
Goldstone boson of the spontaneously broken chiral symmetry [4], but (43)
would imply that in the chiral limit there should also be a massless scalar
meson. In what follows we will assume that there is no massless scalar in
the planar limit. The main reasons for making this assumption is that, if
the planar limit is a good approximation to QCD, as it seems to be for
the gross features of the meson phenomenology, and since there are no light
scalar mesons in the QCD spectrum we do not expect the same in the planar
limit (but see [9] for the subtleties of the sigma mass in the spontaneously
broken theories.) Then the only way of reconciling the relation (43) with
the assumed absence of a massless scalar is to require that the worldline
average < V0(k)V0(−k) >wl behaves in the following manner
lim
m→0
m2 < V0(k)V0(−k) >= −
Fpi
k2
+H(k), (44)
where H(k) is some function which is analytic at k = 0. If we combine this
with the analytic structure of the scalar two-point function in the planer
limit (37) then we get the following relationship
∞∑
n=1
Gn
k2 +M2s,n
= H(k) +
∞∑
n=1
Fn
k2 +M2ps,n
. (45)
The unknown function H(k) must be analytic at k = 0 and for non-zero
values of k it can at most have singularities in the form of simple poles with
positive residue. Thus in the planar limit for every massive pseudoscalar
meson there exists a scalar meson of identical mass. If it does turn out that
H(k) is an entire function, then we can make a stronger prediction that the
sigma mass, the mass of the lightest scalar particle, must be identical to
the mass of the second lightest pseudoscalar meson. In other words in the
planar limit
Mσ =Mη. (46)
It is natural to ask to what relevance this analysis has for the real world
hadron phenomenology. We discuss this issue in the next section.
4 Conclusions
The planar limit of QCD is quite similar to the quenched approximation
made in the lattice QCD, in both the approximations one ignores internal
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fermionic loops. Of course, the planar limit is not simply QCD with in-
ternal fermionic loops removed, it is the limit in which only a particular
subset of Feynman diagrams contribute to the Green’s functions, while in
the quenched QCD the contributions from all the diagrams, including the
non-planar diagrams, are included as long as the quark lines appear only
at the boundary of the diagram. Still, in the quenched approximation we
expect that the contribution of the non-planar gluonic diagrams should go
as 1
N2
with N = 3. Therefore, the above conclusions obtained in the planar
limit should be valid to a good approximation even in quenched QCD. In
particular, if our assumption about H(k) being an entire function is true
then Eq. (46) should be approximately valid even in the quenched lattice
QCD simulation.
Finally, let us discuss the relevance of our results for hadron phenomenol-
ogy. The expressions for the worldline vertex functions, and the relation
(42), are valid only in the planar limit and we expect that the corrections
to them should be of the order of 1N2 . Also, once we go beyond the planar
limit the flavour quantum numbers will start playing a role. Therefore, if we
confine ourselves to singlet scalar and pseudoscalar mesons then we should
see some remnant of the degeneracy in their masses that exists in the planar
limit. In Table (1) the masses of the lightest known scalar and pseudoscalar
singlet mesons are tabulated using the data from reference [10]. We do see
that for every pseudoscalar meson their exists a scalar meson of approxi-
mately the same mass 3, and their small mass difference is consistent with
our expectation that it is a 1
N2
effect which should disappears in the planar
limit.
Table 1: Masses of Pseudoscalar and Scalar Light Flavour Singlet Mesons
Pseudoscalar Mass (MeV) Scalar Mass (MeV)
η(547) 547 σ 400-1200
η′(958) 958 f0(980) 980
η(1295) 1295 f0(1370) 1370
η(1440) 1440 f0(1500) 1500
- - f0(1710) 1710
3Of course, the singlet masses are not well defined and have large width specially in
the case of the sigma.
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